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Abstract: The asymptotic structure of AdS spacetimes in the context of General Relativ-
ity coupled to the Maxwell field in three spacetime dimensions is analyzed. Although the
fall-off of the fields is relaxed with respect to that of Brown and Henneaux, the variation
of the canonical generators associated to the asymptotic Killing vectors can be shown to
be finite once required to span the Lie derivative of the fields. The corresponding surface
integrals then acquire explicit contributions from the electromagnetic field, and become
well-defined provided they fulfill suitable integrability conditions, implying that the lead-
ing terms of the asymptotic form of the electromagnetic field are functionally related.
Consequently, for a generic choice of boundary conditions, the asymptotic symmetries are
broken down to R ⊗ U (1) ⊗ U (1). Nonetheless, requiring compatibility of the boundary
conditions with one of the asymptotic Virasoro symmetries, singles out the set to be char-
acterized by an arbitrary function of a single variable, whose precise form depends on the
choice of the chiral copy. Remarkably, requiring the asymptotic symmetries to contain the
full conformal group selects a very special set of boundary conditions that is labeled by a
unique constant parameter, so that the algebra of the canonical generators is given by the
direct sum of two copies of the Virasoro algebra with the standard central extension and
U (1). This special set of boundary conditions makes the energy spectrum of electrically
charged rotating black holes to be well-behaved.
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1 Introduction
The very first exact black hole solution endowed with a matter field was the one found by
Reissner and Nordstro¨m [1], [2]. The simple and remarkable properties that possesses have
been widely explored (see, e.g., [3], [4], [5] and references therein), which appears to be
a natural consequence of the interaction of two of the greatest classical field theories ever
formulated: General Relativity and Electromagnetism. The Reissner-Nordstro¨m solution
can also be generalized to incorporate rotation [6], [7] even if the Einstein-Maxwell the-
ory includes a cosmological constant in diverse dimensions. However, in three-dimensional
spacetimes, the analysis of the properties of the corresponding electrically charged (rotat-
ing) black hole solution [8], [9], [10] can be somewhat darkened due to the logarithmic
fall-off of the gauge field, which severely modifies the asymptotic behaviour of the metric.
Indeed, finding a suitable definition of global conserved charges in this context turns out to
be a very subtle task [11], [10]. Nonetheless, in the case of stationary spherically symmetric
solutions, it has been recently shown that the canonical generators associated to the mass
and the angular momentum can be naturally defined without the need of any kind of reg-
ularization [12]. Furthermore, unlike the higher-dimensional case, the associated surface
integrals were found to acquire nontrivial contributions from the electromagnetic field, and
consequently, they become manifestly sensitive to the choice of boundary conditions1. This
1We would like to emphasize that hereafter we make a distinction in what we mean by “asymptotic
conditions” and “boundary conditions”. For the former we refer to the fall-off of the fields in the asymptotic
region, which is an open set; while for the latter, we mean the conditions that are held fixed at the boundary.
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effect seems to reconcile the different results that have been obtained for the mass of elec-
trically charged black holes following distinct regularization procedures [13], [14], [15], [10],
[16], [17], [18], [19], [20], [21], [22], [23], since they might correspond to inequivalent choices
of boundary conditions. It is then interesting to explore whether the effect extends to
generic configurations, which could be neither static nor spherically symmetric. With this
aim, in the next section we address some of the relevant geometric aspects of asymptoti-
cally AdS3 spacetimes in the Einstein-Maxwell theory. They are shown to possess a relaxed
behaviour compared with the standard one of Brown and Henneaux [24]. The canonical
realization of the asymptotic symmetries is then performed in section 3, where it is shown
that the variation of the generators associated to the asymptotic Killing vectors becomes
automatically finite once they are required to span the Lie derivative of the fields. The sur-
face integrals generically acquire contributions from the electromagnetic field, and they are
subject to nontrivial integrability conditions that imply a functional relationship between
the leading terms of the asymptotic form of the electromagnetic field. Since the canonical
generators are shown to explicitly depend on the choice of boundary conditions, in section
4 we study the compatibility of different choices with the asymptotic symmetries. It is
shown that for generic boundary conditions the asymptotic symmetries are broken down
to R ⊗ U (1) ⊗ U (1). However, there are two different sets of boundary conditions for
which only one of the chiral copies of the asymptotic Virasoro symmetries is preserved. It
is worth highlighting that requiring preservation of the full conformal group singles out a
very special set of boundary conditions that is labeled by unique fixed constant parameter.
The canonical realization of the asymptotic symmetry algebra is then given by the direct
sum of U (1) and two copies of the Virasoro algebra with the standard central extension.
Section 5 is devoted to compute the global charges of electrically charged rotating black
holes, which are found to be agree with the expressions that were recently obtained in [12]
from the analysis of stationary spherically symmetric configurations. We conclude with
some additional remarks in section 6.
2 Fall-off of the fields and asymptotic symmetries
The asymptotic behaviour of the fields can be obtained following the criteria described in
[25], [26], [27], [28]. For a generic theory, the requirements to be fulfilled can be spelled out
as follows:
• The set has to contain as many asymptotic symmetries as possible.
• The fall-off of the fields must be relaxed enough in order to accommodate the solutions
of physical interest.
• Simultaneously, the decay has to be sufficiently fast so as to ensure that the variation
of the global charges is finite.
• The boundary conditions must guarantee that the variation of the charges can be
integrated.
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Once the four requirements aforementioned are taken into account for asymptotically AdS3
spacetimes in the Einstein-Maxwell theory, one is led to propose the following fall-off for
the metric and the gauge field:
g±± =
κl2
4pi2
q2± log
(r
l
)
+ f±± +O
(
log
(r
l
)
r−1
)
,
g+− = −r
2
2
+ f+− +O
(
log
(r
l
)
r−1
)
,
grr =
l2
r2
+
frr
r4
+O
(
log
(r
l
)
r−5
)
, (2.1)
gr± = O
(
log
(r
l
)
r−3
)
,
A± = − l
2pi
q± log
(r
l
)
+ ϕ± +O
(
log
(r
l
)
r−2
)
, (2.2)
Ar = O
(
log
(r
l
)
r−3
)
,
where f±±, f+−, frr and q± stand for independent arbitrary functions of the null coordi-
nates x± = tl ±φ. It must be emphasized that the functions ϕ± turn out to be functionally
related with q± in a precise way. As explained in section 3, this has to be so in order to
ensure integrability of the variation of the global charges.
Note that the asymptotic behaviour of the metric in (2.1) might have included addi-
tional terms of the form O (log (r/l)) and O (log (r/l) r−4), in g+− and grr respectively,
which we do not consider because they can be consistently gauged away. Indeed, for this
reason, the asymptotically AdS3 fall-off for the branch of stationary and spherically sym-
metric spacetimes studied in [12] fits within the asymptotic structure described by (2.1)
and (2.2). Consequently, the asymptotic behaviour proposed here not only accommodates
a wide set of exact solutions possessing these symmetries [8], [29], [13], [30], [31], [33], [10],
[34], [16], [35], [36], [37], but also a larger class of configurations being neither stationary
nor spherically symmetric.
The asymptotic symmetries correspond to the subset of diffeomorphisms and local
U (1) gauge symmetries, parametrized by ξµ = ξµ (xν) and η = η (xµ) respectively, that
preserve the asymptotic behaviour of the fields, i.e., they have to fulfill
δξ,ηgµν = £ξgµν = O (gµν) ,
δξ,ηAµ = £ξAµ + ∂µη = O (Aµ) .
(2.3)
By virtue of (2.1) and (2.2) the asymptotic Killing vectors and the asymptotic form of the
U (1) parameter are then found to be given by
ξ± = T± +
l2
2r2
∂2∓T
∓ +O
(
log
(r
l
)
r−4
)
,
ξr = −r
2
(
∂+T
+ + ∂−T−
)
+O (r−1) ,
η = λ+O
(
log
(r
l
)
r−2
)
,
(2.4)
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respectively, being described by three arbitrary functions T± = T± (x±) and λ = λ (x+, x−).
Note that the subleading terms of the asymptotic Killing vectors ξ± in (2.4) decay slower
than that of Brown and Henneaux [24].
It must be highlighted that only a subset of the asymptotic symmetries spanned by
(2.4) are associated to canonical generators. This is explained below.
3 Canonical structure
Let us consider the Einstein-Maxwell action in three spacetime dimensions, given by
I [gµν , Aµ] =
ˆ
d3x
√−g
[
1
2κ
(R− 2Λ)− 1
4
FµνF
µν
]
, (3.1)
where κ and Λ are related to the Newton constant and the AdS radius according to κ = 8piG
and Λ = −l−2, respectively. Assuming the standard ADM decomposition of the fields (see,
e.g., [38], [39]), up to a boundary term, the Hamiltonian form of the action reads
I =
ˆ
d3x
{
piij γ˙ij + p
iA˙i −N⊥H⊥ −N iHi − ηG
}
, (3.2)
where the constraints are given by
H⊥ = 2κ√
γ
(
piijpiij − pi2
)− √γ
2κ
(
(2)R− 2Λ
)
+
1
2
√
γ
γijp
ipj +
1
4
√
γFijF
ij ,
Hi = −2∇jpiji + pjFij ,
G = −∂ipi .
(3.3)
Here piij and pi stand for the momenta associated to the dynamical fields γij and Ai,
respectively. The smeared total Hamiltonian then naturally splits as
H (ξ, η) =
ˆ
d3x
[
⊥H⊥ + iHi + ηG
]
,
= H (ξ) + G (η) ,
(3.4)
with
⊥ = N⊥ξt ; i = ξi +N iξt . (3.5)
It should be emphasized that the generator H (ξ) does not span the Lie derivative of the
gauge field, but instead, a “pure diffeomorphism” given by δξAµ = {Aµ,H (ξ)} = ξνFνµ.
Hence, in order to make contact with the asymptotic symmetries in (2.3), the generator has
to be “improved” by the addition of a suitable U (1) gauge transformation. The improved
generator is obtained from (3.4) provided the parameter of the U (1) gauge transformation
is of the form η = λ+ ξµAµ (see, e.g., [40], [41]), so that the total Hamiltonian now splits
in a different way, according to
H (ξ, λ) = H˜ (ξ) + G (λ) , (3.6)
where
H˜ (ξ) = H (ξ) + G (ξµAµ) , (3.7)
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stands for the improved generator that fulfills what we were looking for, i.e.,
{Aµ, H (ξ, λ)} =
{
Aµ, H˜ (ξ) + G (λ)
}
= £ξAµ + ∂µλ , (3.8)
on-shell.
Remarkably, once the improved generator H˜ (ξ) is supplemented by the appropriate
boundary term that makes it to be well-defined everywhere [42], the variation of the cor-
responding surface integrals becomes automatically finite. Indeed, the surface integral
associated to G (ξµAµ) precisely cancels out the divergences of the surface integral that
corresponds to the pure diffeomorphisms generator H (ξ). It should be highlighted that
this effect occurs due to the slow fall-off of the electromagnetic field in three spacetime
dimensions, so that the improvement term amounts to an improper gauge transformation
that regularizes the global charges. Note that this is not the case for asymptotically AdS
spacetimes in d ≥ 4 dimensions, because the improvement term in (3.7) just corresponds
to a proper gauge transformation that does not modify the surface integrals associated to
the canonical generators. This is explicitly shown in what follows.
3.1 Finite conserved charges and their integrability conditions
The variation of the boundary terms which ensure that the canonical generators H˜ (ξ) and
G (λ) are well-defined is denoted by δQH˜ (ξ) and δQG (λ) , respectively. By virtue of the
fall-off in (2.1), (2.2), the variation of the U (1) generator is finite and readily integrates as
QG (λ) =
ˆ
dSlλp
l =
1
2pi
ˆ
dφλ (q+ + q−) =
1
2pi
ˆ
dφλqt . (3.9)
The variation of the surface integral associated to the improved generator, given by
δQH˜ (ξ), is also finite, but becomes subject to nontrivial integrability conditions.
In order to see how the regularization mechanism is intrinsically built in, following eq.
(3.7), it is instructive to split the variation of the surface integral according to
δQH˜ (ξ) = δQH (ξ) + δQG (ξ
µAµ) , (3.10)
with
δQH (ξ) =
ˆ
dSl
[
1
2κ
⊥Gijkl∇kδγij − 1
2κ
∇k⊥Gijklδγij + 2jδ
(
γjkpi
kl
)
−lpijkδγjk − ⊥√γF liδAi −
(
lpi − ipl
)
δAi
]
,
δQG (ξµAµ) =
ˆ
dSlξ
µAµδp
l ,
(3.11)
where Gijkl = 12γ
1/2
(
γikγjl + γilγjk − 2γijγkl).
Making use of the asymptotic fall-off of the fields (2.1), (2.2), as well as the asymptotic
Killing vectors (2.4), the variation of the surface integrals reduces to
δQG
(
T+, T−
)
= δQ+G
(
T+
)
+ δQ−G
(
T−
)
,
δQH
(
T+, T−
)
= δQ+H
(
T+
)
+ δQ−H
(
T−
)
,
(3.12)
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with
δQ±G
(
T±
)
= − 1
2pi
ˆ
dφT±
[
l
2pi
(q±δq+ + q±δq−) log
(r
l
)
− ϕ± (δq+ + δq−)
]
,
δQ±H
(
T±
)
=
1
2pi
ˆ
dφT±
[
l
2pi
(q±δq+ + q±δq−) log
(r
l
)
± q± (δϕ+ ∓ δϕ−)
]
+
1
2pi
ˆ
dφT±
[
δ
(
2pi
lκ
f±± ∓ l
4pi
q± (q+ − q−)
)]
.
(3.13)
Therefore, it is clear that the logarithmic divergences in (3.13) precisely cancel out, so
that the variation of the improved generator (3.10) reads
δQH˜
(
T+, T−
)
= δQ+H˜
(
T+
)
+ δQ−H˜
(
T−
)
=
ˆ
dφT+δL+ +
ˆ
dφT−δL− , (3.14)
where
δL± = 1
2pi
δ
(
2pi
lκ
f±± ∓ l
4pi
q± (q+ − q−)± q± (ϕ+ − ϕ−)
)
+
1
2pi
[ϕ+δq− + ϕ−δq+] .
(3.15)
Note that the terms within the square brackets in (3.15) lead to nontrivial integrability
conditions of the form
δ2Q±H˜ =
1
2pi
ˆ
dφT± [δϕ+ ∧ δq− + δϕ− ∧ δq+] = 0 , (3.16)
which implies that ϕ± and q± are functionally related. Assuming that q+ and q− vary inde-
pendently, the integrability conditions are solved by any arbitrary function V = V (q+, q−)
that fulfills
ϕ± =
1
2
δV
δq∓
. (3.17)
Hence, the surface integrals associated to the improved canonical generators integrate as
Q±H˜
(
T±
)
=
ˆ
dφT±L± , (3.18)
with
L± = 1
lκ
f±± ∓ lq±
8pi2
[
q+ − q− − 2pi
l
(
δV
δq−
− δV
δq+
)]
+
1
4pi
V . (3.19)
Note that the surface integrals manifestly acquire contributions coming from the elec-
tromagnetic field, and moreover, they also explicitly depend on the arbitrary function V
that has to be specified by the boundary conditions in order to guarantee the integrability
of the global charges. This is a crucial point because otherwise, if the variation of the
canonical generators were not integrable, the whole canonical structure would be spoiled,
since it would conflict with the fact that the Poisson brackets fulfill the Jacobi identity.
It must also be emphasized that fulfilling the integrability conditions implies that only a
subset of the purely geometric asymptotic symmetries in (2.4) are reflected in the canonical
realization. Indeed, the amount of asymptotic symmetries that are spanned by canonical
generators depends on the choice of boundary conditions specified by V . This is explained
in the next section.
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4 Compatibility of the boundary conditions with the asymptotic sym-
metries
The boundary conditions are characterized by an arbitrary function V that, according to
(3.17), specifies the functional relationship of the leading terms of the asymptotic form
of the electromagnetic gauge field, i.e., ϕ± = ϕ± (q+, q−). Consequently, a generic choice
of boundary conditions turns out to be generically incompatible with the whole set of
asymptotic symmetries in (2.4), because the transformations rules of ϕ± and q± have to
be consistent with
δϕ± =
δϕ±
δq+
δq+ +
δϕ±
δq−
δq− . (4.1)
In what follows this is first analyzed for the asymptotic U (1) gauge transformations and
then for the asymptotic Killing vectors.
4.1 Asymptotic U (1) gauge transformations
In the case of asymptotic U (1) gauge transformations spanned by (2.4) with T± = 0, the
functions ϕ± and q± transform according to
δϕ± = ∂±λ ; δq± = 0 . (4.2)
Therefore, eq. (4.1) can only be compatible with the transformation law in (4.2)
provided ∂±λ = 0.
One then concludes that, if q+ and q− are assumed to vary independently, only the
zero mode of λ turns out to be consistent, regardless the choice of boundary conditions.
Hence, there is just a single global charge that is conserved, which corresponds to (3.9)
evaluated for λ = λ0 constant. This is the electric charge Q.
Alternatively, the absence of additional conserved currents can be easily verified from
the conservation of the surface integral in (3.9). Indeed, making use of the leading term of
the Maxwell equation in the asymptotic region, given by ∂+q− + ∂−q+ = ∂φqφ − l∂tqt = 0,
requiring Q˙G (λ) = 0, implies that λ asymptotically approaches to a constant. One can
then get rid off the constant U (1) parameter so that (3.9) agrees with the Gauss formula.
It is worth pointing out that, as the remaining modes of λ do not yield to conserved
charges, they can not be regarded as legitimate asymptotic symmetries, since they do not
possess canonical generators2.
4.2 Asymptotic Killing vectors
Under the action of a generic asymptotic Killing vector spanned by (2.4) with λ = 0, the
transformation laws of ϕ± and q± are given by
δϕ± = ∂±
(
ϕ±T±
)
+ T∓∂∓ϕ± +
`
4pi
q±
(
∂+T
+ + ∂−T−
)
,
δq± = ∂±
(
q±T±
)
+ T∓∂∓q± .
(4.3)
2Note that additional U (1) currents could be consistent, but for different classes of boundary conditions
that are not considered in this work. Indeed, for instance, this would be the case if either q+ or q− is set to
vanish without variation, so that the modes of QG (λ) correspond to the generators of left or right currents.
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In the case of (right) asymptotic symmetries spanned by T+ (with T− = 0), compati-
bility of the transformation law in (4.3) with eq. (4.1) implies the following conditions:(
`
4pi
q+ +
1
2
δV
δq−
− 1
2
q+
δ2V
δq+δq−
)
∂+T
+ = 0 ,(
`
4pi
q− − 1
2
q+
δ2V
δq2+
)
∂+T
+ = 0 .
(4.4)
Hence, for a generic choice of V , eqs. (4.4) can only be fulfilled provided ∂+T+ = 0 ,
i.e., just for the zero mode of T+.
Requiring the whole set of modes of T+ to be compatible with the conditions in (4.4)
implies that the function V has to satisfy both differential equations within the round
brackets in (4.4). Interestingly, up to an additive constant, this singles out the set of
boundary conditions to be characterized by
V = V+ = lq+q−
2pi
[log (q+)− 1] + q+C+ (q−) , (4.5)
where C+ is an arbitrary function of a single variable.
If the asymptotic symmetries correspond to the ones spanned by T−, compatibility of
(4.3) with (4.1) implies that(
`
4pi
q− +
1
2
δV
δq+
− 1
2
q−
δ2V
δq+δq−
)
∂−T− = 0 ,(
`
4pi
q+ − 1
2
q−
δ2V
δq2−
)
∂−T− = 0 .
(4.6)
Analogously, for generic boundary conditions specified by V , both eqs. in (4.6) can
only be satisfied for the zero mode of T−.
The family of boundary conditions that is consistent with the entire set of modes of
T− then corresponds to a choice of V that fulfills the differential equations in the round
brackets of (4.6). Up to an additive constant, the set is described by an arbitrary function
C− (q+) , so that
V= V− = lq+q−
2pi
[log (q−)− 1] + q−C− (q+) . (4.7)
Remarkably, one then concludes that the whole set of asymptotic Killing vectors,
spanned by T+ and T−, turns out to be compatible with the integrability of the canoni-
cal generators provided the boundary conditions are specified by a very special set, being
labeled by a unique arbitrary constant parameter ζ without variation. This is because
simultaneously preserving left and right modes, implies that V = V+ = V−. Hence, by
virtue of (4.5) and (4.7), the very special set of boundary conditions that preserves the full
conformal group is determined by the choice
V = l
2pi
q+q− log (ζq+q−) . (4.8)
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This result agrees with the one recently found in [12], which was obtained from a
completely different approach. Indeed, the same choice of boundary conditions was recov-
ered, but from requiring compatibility with scaling and Lorentz symmetries of stationary
spherically symmetric solutions.
4.3 Algebra of the canonical generators
Following the results explained right above this section, one concludes that the algebra of
the canonical generators depends on the choice of the boundary conditions specified by V.
For a generic choice of V, the asymptotic symmetries that are compatible with the
boundary conditions just correspond to the zero modes of T+, T−, λ in (2.4). Hence,
there are only three conserved charges given by (3.9) and (3.18) with constant parameters.
Therefore, since the asymptotic symmetries turn out to be spanned by ∂t, ∂φ and a global
U (1) transformation, the asymptotic symmetry group is given by R⊗U (1)⊗U (1), so that
the global charges correspond to the mass, the angular momentum and the electric charge.
In the case of the very special choice of boundary conditions given by V in (4.8), the
legitimate asymptotic symmetries that possess well-defined canonical generators correspond
to the full conformal group spanned by T+, T−, and the global U (1) transformation
generated by the zero mode of λ. The surface integrals associated to the improved canonical
generators in (3.18) are such that in this case eq. (3.19) reduces to
L± = 1
lκ
f±± +
lq2±
8pi2
log (ζq+q−) . (4.9)
It is worth highlighting that the +r and −r components of the Einstein field equations,
which generically read
∂∓f±± +
κ`2
8pi2
[
q∓∂±q± ± 2pi
`
q±
(
∂−
(
δV
δq−
)
− ∂+
(
δV
δq+
)
+
3`
2pi
∂+q−
)]
= 0 , (4.10)
in this case just reduce to
∂∓L± = 0 . (4.11)
Therefore, since the Poisson brackets fulfill {Q (Y1) , Q (Y2)} = δY2Q (Y1), the algebra of the
canonical generators can be readily obtained from the transformation law of q± in (4.3),
(4.2), as well as from the one of f±±, which reads
δf±± = 2f±±∂±T± + T±∂±f±± − `
2
2
∂3±T
+ − κl
2
8pi2
q2±
(
∂+T
+ + ∂−T−
)
+ T∓∂∓f±± .
(4.12)
Hence, the transformation laws of L± in (4.9) are given by
δL± = 2L±∂±T± + T±∂±L± − l
2κ
∂3±T
±
. (4.13)
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Expanding in Fourier modes, L± = 12pi
∑
m L±meimφ, the algebra of the canonical generators
then reads L±m with the electric charge Q then reads
i
{L±m,L±n } = (m− n)L±m+n + c12m3δm+n ,
i
{L±m,Q} = 0 ,
i {Q,Q} = 0 ,
(4.14)
with c = 3l/2G, corresponding to the direct sum of U (1) and two copies of the Virasoro
algebra with the standard central extension.
As a final remark of this section, it is worth mentioning that if the boundary conditions
were chosen so that V = V+ in (4.5), the legitimate asymptotic symmetries are spanned by
T+, and the zero modes of T−, λ. The canonical generators then correspond to L+m, L−0 , and
Q, whose algebra is given by the direct sum of the right copy of the Virasoro algebra with the
Brown-Henneaux central extension with two additional Abelian generators. Analogously,
for the choice V = V− in (4.7), the same occurs for the left copy.
5 Mass and angular momentum of electrically charged rotating black
holes
The rotating extension of the static BTZ black hole with electric charge [8] was indepen-
dently obtained in [9] and [10] through different approaches. It is convenient to express
the solution as in [12], so that the line element and the electromagnetic gauge field can be
written as
ds2 = −N2F 2dt2 + dρ
2
F 2
+R2
(
Nφdt+ dφ
)2
,
A = Atdt+Aφdφ ,
(5.1)
with
R2 = ρ2 +
(
ω2
1− ω2
)
r2+ +
κ
4pi2
(qtωl)
2 log
(
ρ
r+
)
,
Nφ = −
(
ω
1− ω2
)(
ρ2
l2
− F 2
)
l
R2
,
N2 =
ρ2
R2
,
F 2 =
ρ2
l2
− r
2
+
l2
− κ
4pi2
q2t
(
1− ω2) log( ρ
r+
)
,
At = − qt
2pi
log
(ρ
l
)
+
ϕt
l
,
Aφ =
qtωl
2pi
log
(ρ
l
)
+ ϕφ ,
(5.2)
where r+, ω, qt, ϕt, ϕφ stand for arbitrary constants. Here, the Lagrange multipliers have
been chosen as N∞ = 1, and N
φ∞ = Φ = 0.
Note that in the asymptotic region, ρ→∞, the metric components g+− and gρρ possess
terms that behave as O (log (ρ/l)) and O (log (ρ/l) ρ−4), respectively; which as explained in
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section (2), can be consistently gauged away. Indeed, changing the coordinates according
to x± = tl ± φ, and ρ = r + κl
2
16pi2
q2t
(
1− ω2) log ( rl ) r−1, the asymptotic behaviour of the
solution is given by
g±± =
κl2
4pi2
q2± log
(r
l
)
+ f±± +O
(
log
(r
l
)
r−1
)
,
g+− = −r
2
2
+ f+− +O
(
log
(r
l
)
r−1
)
,
grr =
l2
r2
+
frr
r4
+O
(
log
(r
l
)
r−5
)
, (5.3)
gr± = 0 ,
A± = − l
2pi
q± log
(r
l
)
+ ϕ± +O
(
log
(r
l
)
r−2
)
,
Ar = 0 ,
with
q± =
1
2
(qt ± qφ) ; qφ = −ωqt ,
f±± =
(
1∓ ω
1± ω
)
r2+
4
− l
2q2t κ (1∓ ω)2
16pi2
log
(r+
l
)
,
f+− =
4pi2r2+ − l2q2t κ log
( r+
l
) (
1− ω2)
16pi2
,
frr = 8l
2pi2r2+ + l
4q2t κ
(
1− ω2)(1− log(r2+
l2
))
,
ϕ± =
1
2
(ϕt ± ϕφ) ,
(5.4)
which perfectly fits within our asymptotic conditions in eqs. (2.1), (2.2). Therefore, the
global charges can be readily obtained from the surface integrals in (3.9) and (3.18).
For a generic choice of boundary conditions, specified by an arbitrary function V , the
electric charge is given by Q = qt , while the remaining ones are determined by L± in eq.
(3.19). Hence, the mass and the angular momentum read
M =
2pi
l
(L+ + L−)
=
pir2+
κl2
(
1 + ω2
1− ω2
)
− q
2
t
4pi
[
ω2 +
(
1 + ω2
)
log
(r+
l
)]
+
1
l
(
V − qφ ∂V
∂qφ
)
,
(5.5)
and
J = 2pi (L+ − L−)
= − 2pir
2
+ω
κl (1− ω2) +
lq2t ω
4pi
(
1 + log
(
r2+
l2
))
− qt δV
δqφ
,
(5.6)
– 11 –
respectively, in full agreement with the expressions found in [12] from a minisuperspace of
stationary spherically symmetric configurations3. In the case of boundary conditions with
V = 0, the mass and the angular momentum then reduce to the ones found in [10].
For the very special choice of boundary conditions that is compatible with the full
conformal symmetry at infinity, with V specified by (4.8), the zero modes of the Virasoro
generators are given by
L± = r
2
+
4lκ
(
1∓ ω
1± ω
)
+
lq2t (1∓ ω)2
32pi2
[
log
(
κ
8pi2
q2t l
2
r2+
(
1− ω2))+ γ − 1] , (5.7)
so that the mass and the angular momentum in this case read
M =
pi
κ
(
1 + ω2
1− ω2
)
r2+
l2
+
q2t
(
1 + ω2
)
8pi
[
log
(
κ
8pi2
q2t l
2
r2+
(
1− ω2))+ γ − 1] , (5.8)
and
J = − 2lω
1 + ω2
M , (5.9)
where the arbitrary fixed constant ζ that characterizes this set of boundary conditions has
been redefined as γ = 1 + log
(
2pi2
κ ζ
)
. Therefore, according to [12], this parameter can
be interpreted as the slope that bounds the allowed region in the parameter space where
the solution describes a black hole. It is worth pointing out that for this set of boundary
conditions, the black hole energy spectrum is nonnegative, and for a fixed value of the
mass, the electric charge possesses an upper bound.
6 Ending remarks
Improving the canonical generators as in (3.7), so that they span the Lie derivative of the
fields, was shown to be a crucial point in order to unveil the asymptotic structure of elec-
tromagnetism coupled to gravity with negative cosmological constant in three spacetime
dimensions. Despite the fall-off of the fields is extremely relaxed as compared with the stan-
dard one, the global charges were shown to be finite and manifestly acquire contributions
from the electromagnetic field. The existence of the canonical structure requires nontrivial
integrability conditions for the global charges to be fulfilled, which implies a functional
relationship between the leading terms in the asymptotic form of the electromagnetic field.
The global charges then also explicitly depend on the choice of boundary conditions. This
effect has been also shown to occur for General Relativity coupled to scalar and higher spin
fields in three spacetime dimensions [43], [44], [45], [46].
In the case of the Maxwell field, the boundary conditions generically break most of
the purely geometric asymptotic symmetries, but nonetheless, there is a very special choice
3The difference in the sign of the angular momentum is because here we have chosen the opposite
orientation as compared with [12].
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that is compatible with the full conformal symmetry at infinity4. It is then clear that
the possibility of studying holography along the lines of the AdS3/CFT2 correspondence
[47], [48], [49], [50], becomes widened to the case of a fully backreacting Maxwell field.
Moreover, the different possibles choices of boundary conditions that are compatible with
the integrability of the global charges, might also be of interest in the context of holographic
superconductors [51], [52], [53], [54], [55], [56].
We would like to recall that our results have been obtained assuming that the functions
that characterize the leading terms in the fall-off of the electromagnetic field, given by q+
and q−, are assumed to vary independently. This has to be so in order to accommodate the
generic electrically charged rotating black hole solution within the asymptotic conditions
in (2.1), (2.2). Our set of asymptotically AdS3 conditions differs from the ones that have
been previously explored in the context of the Einstein-Maxwell theory [18], [57]. It is
then worth pointing out that further inequivalent sets of boundary conditions could also
be constructed if one no longer assumes that both q+, q− are free to vary in an independent
way, so that the whole analysis would have to be done from scratch.
As a final remark, it is worth mentioning that the effects of improving the canonical
generators according to (3.7) do not show up for asymptotically AdS spacetimes in d ≥ 4
dimensions. Indeed, in the higher-dimensional case, the fall-off of the electromagnetic
field is slow enough so that the metric fulfills the standard asymptotically AdS behaviour
[58], [59]. Consequently, since the time and angular components of the asymptotic Killing
vectors behave as O (1) in the asymptotic region, the variation of the improvement term,
given by
´
dSlξ
µAµδp
l, necessarily vanishes when r → ∞. Hence, the improved and the
standard generators of diffeomorphisms just differ in a term that spans a proper gauge
transformation which does not contribute to the global charges.
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